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ABSTRACT. In this paper we consider some fourth order linear and semilinear equations
in RV and make a detailed study of the solvability of the Cauchy problem. For the linear
equation we consider some weakly integrable potential terms, and for any 1 < p < oo prove
that for a suitable family of Bessel potential spaces, HS‘(RN ), the linear equation defines a
strongly continuous analytic semigroup.

Using this result, we prove that the nonlinear problems we consider can be solved for
initial data in LP(R"Y) and in Hg (RM). We also find the corresponding critical exponents,
that is, the largest growth allowed for the nonlinear terms for these classes of initial data.

1. INTRODUCTION

In this article we consider the following Cauchy problem in RY,

ug + A% = f(z,u), t>0, zeRY,
u(0,7) = up(x), v € RN,

(1.1)

where the nonlinear term is assumed to be of the general form

f(z,u) = g(x) + m(z)u + fo(z,u), v € RY, u € R, (1.2)
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for some suitable m, g described below and

fo:RY xR = R is locally Lipschitz in u € R uniformly for 2 € RY, (1.3)
and
_ ajb o N
fo(z,0) =0, %(JJ,O) =0, z € R". (1.4)

In some cases, depending on the space in which we solve (1.1]), we will also require a
growth condition in fy of the form

| fow, ur) — folw,uz)| < clur — ua|(1 + Jur[”~" + Jua|*™"), wy,up € R. (1.5)

for some p > 1 and ¢ > 0.

Hence, our goal is to give suitable conditions on g, m and p under which has a local
solution for certain classes of initial data. Here we consider initial data in some space of
Bessel potentials, which we generically denote HZ(RY), (see [14]). When p = 2 we will
denote these spaces as H*(RY) which are Hilbert spaces. In particular, we are interested in
the cases when uy € LP(RY) and uo € HZ(RY).

In order to obtain local solutions with low regularity conditions on m we must first study
in detail the solutions of linear equations of the form

{ut + A%y = C(2)u, t>0, v €RV, (1.6)
u(0) = ug
with initial data in Bessel spaces HZ?(]RN ). Here, we will assume that
C e Ly (RY), max{% 1} <r < oo, (1.7)
where this space is defined, for 1 <r < 0o as
Ly (R™) E {6 € Lj,.(RY) : ||¢HUU(RN) = sup [|¢]|r(s(y.1) < o0}

yERN

(see [5l, 10] and note that LgF(RY) := L>®(RY)).
First, regarding the linear problem (|1.6) we will prove, among other, the following result.

Theorem 1.1. Suppose that C' € Lj,(RY) and r > max{Z,1}.

i) Then the operator Ac = A? —C ()1 is a sectorial operator in LP(RY) and —Ac generates
a C° analytic semigroup, {e=4ct : t > 0}, in LP(RN) for any 1 < p < oo.

ii) The scale of fractional power spaces, {Eg‘, a € R}, associated to this operator, is given
by

o {H;‘O‘(RN) for 0 <a<F*p) <1, (1.8)

PO (HSRY)) for —1< —Bi(p) < <0,
with 0 < [*(p) = 1+ <4ﬂp - %)_ < 1 and B.(p) = 5*(p)) = 1+ (4% - %) , where

z_ = min{xz, 0} denotes the negative part of x € R.
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iii) On this scale of spaces, the analytic semigroup generated by —Ac satisfies, for some
w € R,

—wt

_ e .
le Act”.c(Eg,Eé) = Mtf—a t>0, —fp) <o <L F(p). (1.9)

i) Also, if p = 2 then i1s satisfied for some w > 0 if and only if there is a certain
wo > 0 such that

[ 1808 = 0@ > wulélaan (1.10)

for all € H*(RY). We say then that the C° analytic semigroup {e~4¢t : ¢ > 0} in L*(RY)
15 exponentially decaying as t — oo.

Remark 1.2. i) Observe that 5*(p) = 1 iff r > p and, for all 1 < p < oo,
N
(p) >1——>0.
Flp) 21—
Hence, the interval [—(.(p), 5*(p)] contains at least the symmetric interval

N N]‘

I TR
-1+ 4r’ 4r
Also, the length of the interval [—B.(p), 5*(p)] is L = 5*(p) + B*(p') and then

L+55(p), ofp>r=>p
I L+3(p), fp=>r>p

2 ifr>p,p/

2—1—%—% if p,pl >r.

Note that in any case L > 1 since r > % and r > 1.
ii) Note that we can use the usual notation

—4a Ny _ —4da N/
H(RY) = (H,"([R")) a>0

p
and then becomes ES = H)*(RN) for a € [—f.(p), 5*(p)].
ii1) Note that it is implicit in that since C satisfies and ¢ € H*(RYN), then
Co? € LY(RY), see (2.24).
N

It is worth stressing that in Theorem there is no restriction other than r > 7 and
1 < p < co. However the Theorem reflects that, depending on the comparison of r with p
or p/, the range of spaces in for which we have a nice semigroup as in is biased to
either negative or positive indexes. In fact the case r > p (and hence 5*(p) = 1) reflects that
the potential is suitable integrable with respect to the base space, LP(RY). Hence, in this
case the potential can be naturally handled as a perturbation of the bi-Laplacian operator.
In particular C'¢ € LP(RY) for any function ¢ € D(A?) = H,(R"). See for example [2] for
a similar situation for the case of second order operators.

On the other hand when r < p, the potential is poorly integrable with respect to the base
space and it is more difficult to handle as a perturbation of the bi-Laplacian. In particular
C¢ is not in LP(RY) for every function in H,(R"). Hence, the potential must be treated as

a perturbation of A? in a weaker space than LP(R”); see the comment after Lemma . For
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this we make use of the extrapolated scale of fractional power spaces of A2, for which we
follow the general construction in [I]. These spaces are precisely the Bessel spaces H;“(]RN )
with o € [—1,1] and therefore Theorem also states that in a portion of this scale the
operator Ac = A? — C(z)I is a nicely behaved operator.

In order to make precise the remaining assumptions on , we will assume that in
we have

N
m € Lj(RY), max{z, 1} <r<oo (1.11)

and, for simplicity,
g€ LP(RY), 1<p<oo. (1.12)

Then we have the following results on the local existence of (1.1)).
Theorem 1.3. Let 1 < p < oo, assume (1.2)—(1.4)), , and suppose that

holds with some
4p

l<p<pli=1+ N
Then is locally well posed in LP(RYN).
Now we consider local well posedness in Hz(RN ), 1 < p < oo. For this, note that we need
that the scale of spaces in contains H2(RY), which requires
Bp) =1+ (% - %)_ > % (1.13)
that is, % — % < 2.
Note that is satisfied if r > p or if p < %, since r > %. Also, is satisfied for
p = 2 since r > max{%, 1}. Hence, we have

Theorem 1.4. Assume (1.9)-(1.4), (1.11]) and . Then the problem 15 locally
well posed in H2(RY), with 1 < p < oo, provided that Z.JZ) holds and either

(i)2>T>% -2
(i) 2 = % and holds with some 1 < p < 00,

(iii) 2 < % and holds with some 1 < p < p*:=1+ N4_7)2p.
In both Theorems [1.3| and [1.4] a solution of (1.1) with an initial value uy € LP(RY), or

Uy € Hz (R™) respectively, is defined on the maximal interval of existence [0, 7,,,) and satisfies
on this interval the variation of constants formula

t
u(t) = e(’AQJFmI)tuo + / (A% mI)(t=s) (fo(-, u(s)) + g) ds, (1.14)
0

where e(=2*+mDt is the semigroup in L?(RY) as in Theorem . Furthermore, if ug € LP(RY)
then

u€ C([0,7,), LP(RY)) N C((0, 7, ), H,” P (RY)) 0 CH((0, 7, ), LP(RY)), (1.15)
while if ug € Hi(RN)
u € C([0,7), Hy(RY)) N C((0, 7 ), H,” P(RY)) N CH((0, 7 ), LP(RY)), (1.16)
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where §*(p) =1+ <% - 4—]\7{> as in Theorem .

Concerning the maximal interval of existence of a solution note that in the “subcritical”
cases, that is when p < pl, or p < p?, respectively, it has the property that

Tup < 00 implies limsup [[u(t)]| L»ryy = 00, (1.17)
t—Tu
or respectively,
lim sup ||u(t)Hng(RN) =00 (1.18)
t—>7'u_0

(see [9, Theorem 3.3.4] and [6, Corollary 1.1]). The critical cases, that is when p = p., or
p = p?, respectively are more involved and , are not true in general; see [0] for
related results.

Note that for solving the nonlinear problem ([1.1)) we use the technique developed in [3],
which requires checking some properties of the Nemitsky nonlinear operator associated to the
nonlinear term in ([1.1)), between suitable spaces of the ones appearing in Theorem . Also,
with this approac can be solved for initial data in other spaces of Bessel potentials.
Nonetheless we intentionally focus here on the spaces LP(RY) and Hg(RN ) as they appear
naturally when studying asymptotic behavior of the solutions, see [8].

Also, in Theorems and the assumption on g can be suitably weakened. For example
we can allow ¢ to belong to some H(RY) spaces for s < 0. This however would make the
solutions to be less regular than in or . As we have focused in solving with
linear potential as in , we have not pursued this weaker regularity of g in this paper.

Finally, it is worth noting that although the range of suitable spaces for the linear equation
changes with r and p, as seen in Theorem this has no effect in existence results in
Theorems and nor in the the critical exponents appearing in these results.

Therefore, in Section [2f we analyze in detail the solutions of the linear equation ((1.6|) with
potentials as in . In particular, we prove Theorem . On the other hand, in Section

we will prove Theorems 1.3 and [T.4]

Acknowledgment. This work was carried out while the first author visited Departamento
de Matematica Aplicada, Universidad Complutense de Madrid. He wishes to acknowledge
hospitality of the people from this Institution.

2. ON SOME FOURTH ORDER LINEAR PARABOLIC EQUATIONS IN LP(RY)

We first prove that the bi-Laplacian operator A% in LP(RY), 1 < p < oo, is a sectorial
operator as in [9, Definition 1.3.1].

Proposition 2.1. For any 1 < p < oo the bi-Laplacian operator
A=NA?

considered in LP(RY) with domain H)(R") is a densely defined sectorial operator. Conse-

quently, —A generates in LP(RY), 1 < p < 0o, a C° analytic semigroup {e=>"1}.
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Proof: Recall from [9, §1.6] that the resolvent of the Laplacian A in LP(RY), 1 < p < oo,

satisfies the estimate
c

(cos §)= 1A
for any |argA| < @ < w. Therefore, whenever 0 < 5 < |arg\| < m, the equation
(M — A*)Y = ¢ € LP(RY)
has the unique solution 1 € Hé(RN ) given by
Y =—(wl — A (—wl—A)¢

1AL = A) ]l oy < 191l » e (2.1)

with w such that w? = X and thus satisfying g <larg(+w)| <7 — g From (2.1) we get
2

M — A2 oy < ¢ Ny, &€ LP(RY
I = 82) 6lle) < g rlolloe @ € L/RY)
whenever § < |arg\| <7 and g € (O, %), which proves the result. O

Denote by X, a > 0, the fractional power spaces associated with A in LP(RN), p > 1.
Recall from [9, p. 29] that these spaces are defined as the domains of fractional powers of
A+ M, where A is any constant such that Re o(A 4+ AI) > 0; thus in what follows we set

Xy=D(A+1)%), a>0, 1 <p< 0.

p

With the aid of complex interpolation method the spaces X[* can be characterized in
terms of the spaces of Bessel potentials. This is immediate when p = 2 as in this case A is a
selfadjoint operator in L?(RY) and the imaginary powers (A + I)® are unitary operators in
L*(RY) (see [14], 1.18.10]). For p = 2 we thus have the characterization

a 2 4 N 4o N
X, =[L7(Q), H,(R")], = H*(RY), a € (0,1). (2.2)
In what follows we prove that (2.2)) holds for any 1 < p < oc.

Proposition 2.2. For every 1 < p < oo and o € (0,1) the fractional power space X
associated with A = A* in LP(RN) coincides with the Bessel potentials space H)*(RY).

Proof: Let A = —A in LP(RY), p > 1, and note that [I1, Theorem 10.6] yields:
[(A+1)?*=(A+1)*, a>0; (2.3)
in particular
[(A+ D)%z = (A+1).
By interpolation (see [14]) we have

1 1
1860 gy < 18l < clldl | Slngy: @ € HARY).

Recalling that the norms [[(A* + I)¢|| Lo~y and [|¢]|gagyy are equivalent (see [14, §2.5.3

Step 3]) we infer that 2A is a relatively bounded perturbation of A%+ I and A? + [ +2A =

(A + I)? is sectorial in LP(RN). Since (A +I)2 — (A+ 1) = —2A and A[(A +1)%] 2 =

AA+T)™' = =T+ (A+1)"!is a bounded operator in LP(RY) the domains of [(A + I)?]*
6



coincide for o € (0,1) with the domains of (A + I)® (see [0, Theorem 1.4.8]). Combining
this with (2.3]) we get
a __ ay 2a
X, =D(A+1)*)=D((A+1)™).
Since the domains of (A+1)*, s > 0, are known to coincide with H2*(R"Y) (see [T, (1.3.62)]),

the proof is complete. O

Following [1, p. 262] we can now construct the extrapolated fractional power scale for
A = A% For this denote by (X,,) ! the completion of X, = LP(R") under the ||(A+1)"*-| x,-
norm. Then A + I extends uniquely to sectorial operator A + I : X, — (X,)~*. Consider
then the one-sided fractional power scale

X0 = ((X,)™)", a>0. (2.4)
Note that, due to Proposition and [I, Theorem V.1.4.12],

o JHTVRY), ae 12,
P (HA=(®RN)Y, o € [0,1),

p

(2.5)

where one can also use the usual notation letting
H*(RY) = (H3(RY))" for s> 0.

The above results corresponds to C' = 0 in Theorem whereas our further concern is
the situation when C' is a non-zero potential as in ([1.7)). In what follows we thus consider a
multiplication operator Q¢ defined by C' : RN — R; namely

Qc(¢)(z) = C(2)¢(x), = € RY,
for any function ¢ : RY — R. Our concern will be to describe a portion of the scale in which
Q¢ is continuous. Note that for a poorly integrable potential any ‘target space’ of Q)¢ is
rather expected to belong to a negative portion of the scale.
We will consider potentials of the class L7;(RY), as in , and whenever s € (1,00) we
will write

With this set-up we will prove a technical lemma, which builds upon embedding properties
of spaces of Bessel potentials.

Lemma 2.3. Suppose that C € L5 (RN) with r > max{%, 1}, p € (1,00) and let 5 be any
number from the interval

I(p) = (=3"(p'), B"(p) — 1] C (—1,0].

Then, there is a certain interval (ag, 1 + 3) such that for any a € (g, 1 + ) we have an
estimate of the form

1CAN 110wy < llCllg, @) 19l rrge vy
equivalently
o —4
Qo € E(H;l (RN)a(Hp/ 6(RN))/) and HQCHL(H;La(RN),(H 48 (gN)yy S CHCHU (RN)-
7



Proof: The main idea that drives the argument can be found in [13, Lemma 6.4 part i)].
We observe that

IColl sy = sww | [ Coul

141,102 )=

and we cover RV with cubes Q;, i € Z", centered at i € Z" and having unitary edges
parallel to the axes so that RY = U;cznQ;, where Q; N Q; = 0 for i # j. Hence, we get

[ covi< 3 [ iciiol < )@,
ieZN icZN
<NICllry vy Y 1602 @oll¥ s @)
iezZN
where a generalized Holder’s inequality was applied with
p1=r

and certain py, ps € [r’, 00| satisfying
1 1 1
- 4+ = =—.
P2 D3 r

We are going to choose such py, p3 € [, 00] and o € (0,3 + 1) that
H*(Qi) = L™(Q0),  Hy " (Qi) — LP(Qu)- (2.6)
Note that, if this is the case, then
[ covl < liClzgen X 1ol
RN N
€L
1 1
< alCag (X 190 00 (X 1))

i€ZN 1€ZN

Consequently, using the estimate

Z ||¢||H4"/ S C,||¢||H3'Y(RN)) Y € (07 1)7 q € (17 OO))

i€ZN

which can be proved analogously as in [4, Lemma 2.4], we obtain

|, Covl < AC s gy e

which gives the result.

From what was said above it is clear that to complete the proof it suffices to show that
one can choose the parameters po, p3, @ as required in . Simultaneously we would like
to ensure that the set of admissible §’s, for which all this can be done, coincides with the
interval I(p).

In what follows we are looking for

1 1 1
p,ps €0, —+—=—=, 0<a<pB+1l, -1<3<0 (2.7)
b2 D3 r
8



which satisfy
N N N N
o Ny N, N N (28)
4p 4ps 4p 4ps
Note that after adding both inequalities in 1) we have a — [ — % > —% so that we will
actually consider

aelft i A1) (2.9)

From 1} 1) we infer that % = & and oo = 6(2£ — 1)+ B+ 1 for some 6 € (0, 1],
which allows us to write (2.8) as

N N N N N N
o(——D+p+1-—>-——— fP-—>——— (2.10)
4dr 4dp 4dpoy dp" = 4dpy A1’
or, equivalently,
N N N N N N
-t ———>0>—— 401 - —) =1+ —. 2.11
4po + dp  4r — bz 4po + 0 4r) + 4p ( )

Now, varying ps in the interval [r’, oo] and 6 € (0, 1] we observe that on the left hand side

of we can achieve no more than % — % and that the latter number corresponds to
po = 00. As for the infimum of the right hand side, it will be achieved for p, =7/, 8 = 0 and
thus equal to —25 — 14 4% =-1- 4%, + & =—p(p)).

Summarizing we have that, whenever § € I(p), (2.10]) can be satisfied for some py € |1, 0]
and 6 € (0,1]. Consequently, whenever 5 € I(p), (2.8 can be satisfied with some po, p3 €
[, 00] satisfying p% + - = 7% and with arbitrary o < 3+ 1 which is close enough to 5 + 1.
On the other hand — will never hold together if 5 ¢ I(p) as, taking into account
that 6 € (0,1], any such § will lie outside the range of the left/right hand sides of (2.11)). O

Note that the interval I(p) in the Lemma above describes the set of the admissible 3’s
such that Q¢ is a relatively bounded perturbation of the bi-Laplacian in (H ;,45 (RY))’. Thus,
note that 0 € I(p) only if 8*(p) — 1 = 0, or in other words, r > p, which is not assumed to
hold in general.

We now consider a perturbation of bi-Laplacian operator with a potential C' € L7,(RY).
Namely, we consider
Ac = A? — O(x)I in LP(RY)
with the domain Dp»(A¢) which will be specified below. Our further concern will be to show
that A¢ is a negative generator of a C° analytic semigroup {e=4¢?: ¢ > 0} in LP(R").

Proposition 2.4. Suppose that C' € Lj;(RY) where r > max{%, 1}.
Then, for each p € (1,00) and any (8 chosen from the interval

I(p) = (=6"(') +1,5°(p)] < (0,1], (2.12)
Ac with domain H)?(RN) generates a C° analytic semigroup in 'Y,z := Hy P (RY).
Furthermore, the associated fractional power spaces are given by
¢ _HTTI®RY), e -5,

s {(H;“‘HNRN»c Cefo1-9).
9
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Proof: We remark that A + I being sectorial in LP(RY) can be also viewed as a sectorial
operator in the extrapolated space X0 with domain X. Also, A + I can be viewed as a

sectorial operator in Xf with the domain X;*ﬂ, see V.1.2.6, page 260 in [1].
Now, given p € (1,00), § € f(p) and a < [ which is close enough to # we infer from

Lemma [2.3) and (2.5]) that
109l g5 < cllgllgpees & € X570

Using the interpolation inequality for fractional power spaces (see [9, p. 27]) and Young’s
inequality we then have

1C8ll5p < clldllgyee < Il 10l G5
< ellll ggeo + Cellll g (2.14)
= ell(A+ Dollgp + Celldllg. ¢ € X7, e>0.

Using ([2.14]) and the above properties of A + I we infer that Ac considered in Xf with

the domain X;J“B is sectorial in Xg as in this setting it is a relatively bounded perturbation
of A+ 1.
On the other hand, coming back to the first line in (2.14)) we have the estimate

—Q 1-(f—« — 1_ﬂ_a I
108155 < €Il 1100 = ol 1A+ Dol ¢ e X7,

which ensures that, for any o € (6 — «a,1), C(I + A)~7 is a bounded operator in Xg (see
[9, p. 28-29]). Consequently, the fractional power spaces Y;f generated by (Ac, Xf) coincide

for ¢ € [0,1] with those generated by (A + [ ,Xf) (see [9, Theorem 1.4.8]), which proves
213). O

Observe that with Proposition we obtain below the satement on in part i) of Theo-
rem [I.1 More precisely, we have

Corollary 2.5. Suppose that C € Lj,(RY) where r > max{%,1}.
Then, for each p € (1,00), Ac is a densely defined sectorial operator in LP(RY), that is,
—Ac generates in LP(RY) a C° analytic semigroup.
Furthermore, if Y;, £ >0, denote the fractional power spaces associated to Ac in LP(RY)
then
€ _ pyaE N *

Proof: We first remark that due to Proposition H we have that Yplﬁﬁ = LP(RY) whenever
b e I (p) as in (2.12)). On the other hand, A¢ can be viewed as a sectorial operator in Y;gﬂ

(see (2.13)) with the domain

Dis(Ac) = V257, (2.16)

where ( is an arbitrary number from the interval I (p). Thus using 1} with ( =1— (0 we
have that A¢ is sectorial in LP(RY). Note that, letting

Cy(z) := C(x) — A\, v € RY, (2.17)
10



with any A > 0 sufficiently large, Y;f are actually the domains of Aé& above LP(RY). In
particular, Y, = V) = L?(RY) and Dp»(A¢) = Yf’gﬁ coincides as a set with Aai(Lp (RM)) =
_ 1—
Ay (¥,57).
Since Y, = LP(RY) = ngﬁ, then using (2.13) with { =1 — 3 + & we obtain ([2.15)). O
Under the additional assumption that p < r Corollary applies with 3 = 1 as in this
case *(p) = 1. In particular, we have the following result.

Corollary 2.6. Suppose that C' € Lj,(RY) with r > max{Z, 1}.

Then, for any 1 <p <,

i) Dpp(Ac) = H)(RY) and Ac with this domain is sectorial in LP(RY),

i) the fractional power spaces Y, generated by (Ac, LP(RY)) coincide with H)*(RY) for
each £ € [0, 1].

Now, following again [II, p. 262] we can construct the extrapolated fractional power spaces
for Ac. For this, choosing in any sufficiently large A > 0, we denote by (Y,)~! the
completion of ¥, = LP(RY) under the ||Ag} - ||y,-norm, which is so called extrapolated space
of Y, generated by Ac. Then Ac extends uniquely to sectorial operator Ag : Y, — (V,)7".
We then consider the one-sided fractional power scale

Ve = ((Y,)™)" a>0,

p
and define the extrapolated fractional power scale of order 1 generated by (A¢,Y)) letting

E;‘ = }A/;DO‘H a > —1.

Note that E,* can be viewed for o € (0,1] as a completion of Y, = LP(R") with respect to
the || Az - |ly,-norm. Also note that in the particular case C' = 0 the above procedure has
already been carried out in ([2.4)).

We now obtain the characterization of the spaces E as stated in Theorem . In par-
ticular we show that the EJ spaces coincide with the fractional power spaces associated to
A = A2, for some range of .

Corollary 2.7. Suppose that C € Lj,(RY) with r > max{Z, 1}.
Then, given any p € (1,00), for the two sided fractional power scale generated by (Y,, Ac)
we have that

Y

o _ {Hﬁ&(RN) Jor 3'(p) = a >0, 2.15)

r (HI;A‘O‘(RN))’ for —B.(p) <a <0,

where B.(p) = 5" (1)
On this scale of spaces, the analytic semigroup generated by —Ac satisfies, for any —G.(p) <

o < &< B (p) »

e
||6_ACt||g(Eg,E§) < MF, t >0,
for some M > 1 and w € R.

All the above results hold with $*(p) = 1 whenever 1 < p < r, with B.(p) = 1 whenever
P <1 and with *(p) = Bu(p) = 1 if p,p’ < r. In particular, the results hold with 5*(p) =
B.(p) =1 for any p € (1,00) if C € L=®(RY).

11



Proof: The proof follows from Corollaries and from the general results in [, Theo-
rem V.1.4.12] and [9, Theorem 1.4.3]. O

Remark 2.8. Note that in the above results it is implicitly included that —Ac generates
a C° analytic semigroup on (H, 457 (]RN)) . Certainly, this could hardly be concluded in
Proposition [2.4 due to the relatwe boundedness’ technique used therein, which did not work
well for the left extreme of the interval 1(p). Nonetheless, (H* @) (RN)Y can be viewed as

a fractional power spaces Y;,O‘H whereas Ac is sectorial in Y, for every o > 0.

Since we now turn our attention to the Hilbert space case, setting p = 2, we first recall
that

—_

B(2) > 5. (2.19)

From Corollary if C € Lj;(RY) with r > & and r > 2, then D;2(Ac) = HY(R") and Ac
with this domain is a symmetric operator in L?(RY). In what follows we prove that A¢ in this
case is also bounded below and that actually all these hold also when max{%,1} < r < 2,
in which case Dy2(Ac¢) is characterized as in ([2.16]).

[\]

Lemma 2.9. Suppose that C € L (RY) with r > max{Z,1}.
Then the domain of the operator Ac in L*(RN), D;2(A¢), is contained in H*(RY) and

/RNAcaﬁ%D / ApAY — / T)pyp = / PActp, b, € Di2(Ac). (2.20)

Furthermore, for any € € (0,1) there exists a certain c. > 0 such that

/RN(IAM2 = C(2)¢") = (1 = )| Al Tomny — ccllgllTo@n) for each ¢ € H*(RY).

In particular, there exists wy € R such that
/RN(|A¢|2 — C(z)¢?) > WOH¢||%2(RN) for each ¢ € H*(R™). (2.21)

Proof: Note that using Corollary [2.5{and 3*(2) > 1 we immediately have that Dy2(A¢) C

1
Yy = H*(RY).

In the proof of it actually suffices to show the first equality and focus on the case
when max{Z,1} < r < 2 as otherwise we know that Dj2(Ac) = H*(RY) and the result
follows easily.

Hence, we have HX(RY) ¢ H*(RY)n L"(RY) N L*(RY) ¢ L™ (RY). On the other hand,
Proposition 2.I] and Corollary 2.6 with p = r imply that A and Q¢ are contmuous from
H*(RY) into L"(RN). Therfore for ¢,¢ € HXRY), [on ApAY and [ox C(x)dy) are well
defined.

Consequently, taking first ¢, € C5°(RY) and then using a density argument we obtain

/RNACW / AA) — / D)o, 6,0 € HIRY). (2.22)

In what follows we will extend this to ¢,9 € Dy2(Ac).
12



Observe that A (Cg°(RY)) is dense in Dy2(A¢), with the graph norm, since for A suf-
ficiently large, DLz(AC) = AEi(L2(RN)) and C§°(RY) is dense in L?*(RY). Also, from
Corollary [2.6| A¢l (C5°(RY)) is contained in H}(RY) and then actually holds for ¢,
from a dense subset of Dr2(A¢) and thus for any ¢, € Di2(Ac

It remains to prove for which we will consider open disjoint cubes Q; C RY centered
at i € Z~ with all its edges unitary and parallel to the axes. We assume below that 7 < oo
and the proof goes with minor changes if r = co.

Letting 7’ = -~ and RY = U;c;v@Q; we then have

‘/ Z/ @16l < 3 101 @ullelia
iczN icZN (223)
< HCHLZ(RN) Z H¢HH25(Q1')’

i€ZN

where s € (0, 1) is chosen such that HQS(Qi) — Lz”'(Qi), i.e. 2s—4 > —JL. By interpolation

b H(Q),
(see |14} §2.4.2(11)]) and hence for each € > 0 there exists ¢. > 0 such that
C@)loP| < Y (eldllg,) + clloliaq,)
R (2.24)
= elléllir@y) + clloliz@n), ¢ € H*(RY).

Since the norms |[(—A+1)®|| 2@~y and ||@|| g2(ryy are equivalent (see [14], §2.5.3 Step 3]) we
get the result. U

Note that (2.24) implies that C¢? € LY(RY) if ¢ € H*(RY) as stated in Remark iv)
of the introduction.
We now conclude the last statement of Theorem [1.1]

(| PEn

Corollary 2.10. Suppose that C € L}, (RY) with r > max{%, 1}. Then

(i) Ac is a selfadjoint operator in L*(RY) and

(ii) the analytic semigroup generated by —Ac in L*(RYN) is exponentially asymptotically
decaying if and only if holds with a certain wy > 0.

Proof: We know that, for sufficiently large A > 0, A¢, is surjective from D;2(A¢) onto
L*(RY). On the other hand Lemmam ensures that ACA is a symmetric operator in L?(R™).
Consequently, Ag, and hence also Ag is a selfadjoint operator in L*(RY).

Now, if holds with wy > 0 then the semigroup {e=4¢* : ¢t > 0} decays exponentially
since the spectrum o(A¢) is contained in the interval [wp, 00).

Conversely, if {e=4¢? : ¢ > 0} decays exponentially, that is if He_ACtHE(L2(RN)) < Me™“ for
some w > 0, then Theorem 5.3 in [I2] and the selfadjointness of Ac imply that o(A¢g) > 0.
Using the characterization of the fractional power space Ypf forp=2¢= % (see Corollary

1 1
and (2.19)) we infer that Y3? coincides with H?(R"); in particular, the norms |[|AZ¢||r2&w)
13




and ||@| g2~y are equivalent. Also, since fractional powers of a positive selfadjoint operator
are selfadjoint (see [9, p. 27]), we infer that

A& NI72@n) = (Acd, @) 2@y, ¢ € Dr2(Ag). (2.25)
From this and ([2.20)) we have

1Pl 72@ny < cllAGON72@ny = {Acd, ) r2@n)
_ C/N(|A¢|2 — C(2)¢?), 6 € Dra(Ac).
R
We also remark that in a similar way to ([2.23])-(2.24) one can obtain

(2.26)

[ con] < Ml Wllman, 6.0 € HEY)

N|=

Hence, using (2.26)) and density of D;2(A¢) in Y,? = H3(RY), we infer that (2.21)) holds
with wg > 0. O

Finally we show some continuity of the constant wy in Lemma [2.9] Note that in fact the
constant wy in , or in , gives a lower bound of the bottom spectrum of A in
L*(RY). So the result below is a sort of continuity of the bottom spectrum with respect to
the diffusion coefficient.

Corollary 2.11. Suppose that C' € L7;(RN) with r > max{Z,1} and let wy € R be as in
2.21)).

Then there is a continuous decreasing real valued function w(v) defined in a certain interval
[0, 9] such that

[ (=086 —C)e?) ) [ 6 forall 6 € HRY), v 0,0
RN RN
and

Vlir(l)ler(V) = w(0) = wp.

Proof: We write
- 2 2 — . 2 - 2 2
[ (a=niaek—c@e) = -v) [ 180F -1 -2) [ @l -2 [ cwl
and then using with € = 1/2 in the last term we get
[ (0=0)I80F = @) = (1=2) [ (1808 = C@)e?) = velolfian
Hence, using we get
[ (=080 = C@)6) = (wol1 = 20) = ) [0l ey

Letting w(r) = (wo(1 — 2v) — vc) we obtain the result. O
14



3. LOCAL WELL POSEDNESS FOR NONLINEAR PROBLEMS

In this section we prove that there is a unique solution of continuously depending on
the initial condition, where uy € LP(RY) or ug € H2(RY), respectively and 1 < p < co. In
particular we will prove Theorems and [I.4]

We will consider ([1.1)) rewritten as

{u+Amu—fo(',U)+9—i F(u), t >0, (3.1)

u(0) = ug € LP(RY) or H2(RY),
where
Ap = A—m(z)l,

for which the results of Section [2| apply because of (1.11)). In particular we will use below
the scale of spaces, B, —3*(p') < a < 3%(p), as in (2.18)) and the smoothing properties of

the semigroup generated by —A,, on this scale, as in Corollary [2.7]
We start from the following technical lemma that will be used below.

Lemma 3.1. If fy satisfies , and fo(-,0) = 0 then there exists a decomposition

fo(z,v) = for(z,v) + foo(z,v), 2 € RY, v €R,
where

foi(x,0) = foa(z,0) =0,

for :RY xR — R is a globally Lipschitz map

and
| oo (2, 01) = foa(,v2)| < clor = va|(Jor[P7 4+ [0o|*71), 01,02 € R, (32)

for some ¢ > 0.
Proof: Define

folz,v), € R, |v| <1,
fo(z,1), z € R, |v| > 1,

foi(z,v) = {

and
foo(z,v) = fo(z,v) — for(z,v), x € RN, v € R,
With the aid of , choosing Ly > 0 as a Lipschitz constant for fj restricted to RY x[—1, 1],
we have that
| for(z,v1) = for(x,v9)| < Lo|vy — o, € RN, vy, 05 € R.
Using the above relations and we obtain ((3.2]). U

Below we will prove Theorems [1.3| and for which we will use the analytic semigroup
approach as in [9]. Since we deal with critical exponents we will actually use the extension

of this approach developed in [3].
15



3.1. Local well posedness of ([1.1]) in LP(R"). In this subsection we prove the existence of
solutions of ([1.1)) with initial data ug € LP(RY), for which we will assume that the condition
|| holds with some 1 < p < 1+ 2 =: pl. We remark that the solutions will satisfy
the variation of constants formula ((1.14) and will possess appropriate regularity properties;

namely ((1.15]) holds.

Furthermore, whenever p < 1 + % = p!, the solutions satisfy 1’ In particular, an
LP (RN )-estimate on compact time intervals will guarantee that the solution exists globally

for ¢t > 0 (see [3]; also [6, Corollary 1.1]).

Proof of Theorem m Recalling the formulation of the problem as in (3.1]) and following
the approach in 3] all what needs to be shown is that F in is an e-regular map relative
to the pair of spaces from the fractional power scale associated with the main part operator.
This, in terms of Ej-scale and for the case when initial data are in L? (RY), translates into
the requirement that the condition

IF () = Fw)ll gy < ello—wlls; (L+ lollz" + wlz;'), v,w e B, (3-3)
holds for certain constants ¢ > 0, ¢ € (0, %), and y(¢) € [pe, 1).
Actually, due to Lemma [3.1] it is sufficient to show that there are constants ¢ > 0 and
0<e<l, pe<n(e) <1 (3.4)
such that
fon®) = o) gy < cllo = wllis (ol + ol ), vow € B (35)

Observe that Corollary [2.7] yields
e _ grde(mN *
Ep - Hp (R )7 €€ [076 (p)]7

B e . (3.6)
B = (H T ®Y)) y(e) € [1- 50, 1)
and hence we have
N N
E; — LS(RN)a OAS [Oaﬁ*(p)]a 46 - Z -, S Z b,
s
()1 N . Np (3.7)
EE™ L°(R cll—-p3 @)1 <o< > 1.
p = ( )7 7(6) [ ﬁ (p)7 )7 N—|—4(1 —'7/(5))]? >0 —p7 o
Note that the second embedding in |D holds with ¢ = m > 1 provided that
N+4p— N
1>9(e) > 1— F'()) = 4 and () > L= 5 (3.8)

4p
Using this we have

1fo2(v) = foa (W)l g1 < €l foa(v) = for(w)]]

< cjéfo —wl(jo]" + w]™)

Np
LN+4(A=~(e))p (RN)

H ____Np
LN+40—()p (RV)

N+4(1—v(e))p
Np

< C/// <|v — | NI ST (|v] NI 4 [w| Nﬁfl(:gﬂp)dx)
RN
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Applying next Holder’s inequality with

G N+ 5 0 N4 ()
N —dpe 0—1 A1 —~(e)p+4pe’

and thus assuming that
N
— > ¢, (3.9)
4p

we obtain

[foa(0) = foo(w) | gy
_ 1 3.10
<Mo-ull sy (0 g el Ty, ). B0
LN=4pe (RV) LAA-AE)+ie (RN) LA~ ()i (RN)

The right hand side of (3.10) can be bounded by the right hand side of (3.5)) provided that
H<(RY) — ¥4 (RY) (3.11)
and N
HS(RY) — Lio—@wE (RY), (3.12)
where we also have the limitation
e < B (p). (3.13)
Observe that (3.13) is true whenever (3.9) is satisfied. Indeed, if 3*(p) < 1 we have it

because G*(p) > 4% whereas if 5*(p) = 1 this is a consequence of the restriction £ < 1.

On the other hand, assuming (3.9) note that (3.11)) holds true, whereas for (3.12)) one

needs

_ dep—N)(p—1)+4(1+¢)p 4(14+¢e)p—N(p—1
4dp dp
We remark that for p € (1,1+ %] and ¢ > 0 we have 5 > 7 > 0 and 5 > ep. We also have
1>75ife e (0,22=D) Furthermore, 3 > 7 if and only if & > max{0, NE&;’?)} and 5 > 7 if

N1 4pp
P

The set of (p,e,7v(¢)) solving (3.4), (3.8), (3.9) and (3.14) is thus nonempty and contains
p—p

. N N(p—
triples (p,e,7(¢)), where p € (1,1 + 2], £ € (max{0, YL Ef;pl)) and

V() € [pe AN A N (3,71 N 1,3 = Z(e).
Actually, for admissible (p,e,7(g)) the left hand side inequality in (3.14]) implies
b< N +4p — 4py(e)
N — 4pe

and via (3.4) we then have
N + 4p — 4dppe
p< :
N — 4pe
The second of these inequalities holds if and only if p < % = pl. The first one shows that
p = pl cannot be attained for any y(g) > ple. Thus p = p! necessitates y(¢) = ep!, in which
case we have ¥ = epl; that is, if p = pl, Z(e) = {ep!}.
17




Therefore (3.5) and (3.3)) are satisfied. We thus have that F in (3.1)) is an e-regular map
relative to the pair of spaces (Eg By '). Thus [3, Corollary 1] ensures that (1.1)) is locally
well posed in E) and, in addition,

u € C([0,7), EN) NC((0,m0), ) N C((0, 79), EO7). (3.15)

N(Pfl)) -1

Since the above analysis shows that y(e) can be chosen arbitrarily less than 7(p, i) =

we infer from (3.15)) and (3.6 that
u € C((O,To),H;w(RN)) N CH((0, 1), H;G(RN)), whenever § < §*(p) and § < 1. (3.16)

Hence, if 8*(p) < 1, (3.16) gives ((1.15)).
If 3*(p) = 1 then from (3.16)) we infer that v € H2(R"). Using Theorem (see (3.29)

below), after restarting the solution at any positive time of its existence, we then obtain
1.15). Note that if 2 < %, then Theorem H iii) applies as p. < p?. On the other hand,

if 2 > % Theorem ii) or iii) apply as well because we are dealing now with the case
fB*(p) = 1 so that r > p. O

Remark 3.2. Due to the above consideration it suffices to assume that g belongs to Eg(s)fl

for arbitrarily fived v(e) € Z(¢), € € (max{0, Ni’;;p)}, NE@;”), and the problem remains

well posed in LP(RN) with p € (1,pl]. Nonetheless the solution will not be as reqular as

stated in .

3.2. Local well posedness of (1.1)) in H2(R"). We proceed to the proof of Theorem .

First note that under the assumptions of the Theorem we have §*(p) > % so that from

the results in Corollary , in case (i) (resp. (ii)) of Theorem [1.4] we have the embedding
1 T
E — L®(RY) (resp. EZ — LYRY) for q € [p,o0)). Therefore, the Nemytskil map F is

Lipschitz continuous on bounded sets from Ej into E,. Consequently, both cases (i) and (ii)
in Theorem [1.4] as well as follow from [9, Theorem 3.3.3].

On the other hand, in case (iii), we will use the approach of [3, Corollary 1]. The reason
for this is that now F may not take H2(R") into LP(RY) unless p < %%. Actually note
that if 1 < p < %2;3 the map F is Lipschitz continuous on bounded sets from Hg(]RN ) into
LP(RY); see Proposition [3.4] So this case follows again from [9, Theorem 3.3.3].

Proof of Theorem [1.4 As mentioned above we only consider case (iii) here focusing on

the situation when
N 2
) 3.17
N2 pe) (3.17)

Following [3] we will show that F is an e-regular map relative to the pair of spaces
1 1

p e (

(EZ, Ep ?); namely, there are constants ¢ > 0, € € (0, %), and y(e) € [pe, 1) such that

1
- - 3+
ye T lwl)), vow e BfTL(3.18)

— < - 1 p
I7(w) = Fw)ll 20-y < ellv wl!E§+s( +HvHEp .

Note that, using Lemma , it is actually sufficient to show that (3.18)) holds for F = fys.
18



Observe that Corollary 2.7] yields

1, 1
By = Hy RY), 5(p) 2 5 +2 20,
(3.19)
(5)_% 2—4v(e * 1
By O = (Hy MORY)Y, -5 (0) <7(e) — 5 <0
and hence we have
1, 1 N N
Bi' o DRY), B°(p) 2 54220, 24de =~ > = s >p,
o ' . P N ° (3.20)
E”Ye_ﬁ LURN [~ LY A N < < 1.
Given p € (1, %Eg ] and some suitable
0<e<l, pe<~ye)<l1 (3.21)
from the second embedding in ((3.20) we have
/
[ foa (v) — foz(w)HE;(a)—% < | foa(v) — fm(lﬂ)'tm(w)
<N —wl(jo] ™ + w1 v
LNFE- 475 (RN) (3.22)
N+(2E4W(€))P

" Np Np(p—1) Np(p—1)
<c N |v — w|NFE-4Ep (|v| N+E-5Er + || N+(2—4~/<s>>p)dx ,
R

where N + (2 — 4v(¢))p > 0 for v(¢) < 1 as N > 2p. Using next Holder’s inequality with

_ N+ (2 —4y(e)p 0 0 N+ @2—-4y()p

0 =
N —2p —4pe ’ -1 4(1+e—~(e)p’

we obtain

| foa (v) — f02<w)||E;(E)_%

< M|y — < p=1 o
<M= g gy I e I e

>' (3.23)

According to the first embedding in (3.20)) the right hand side of (3.23]) will be bounded by
the right hand side of (3.18)) provided that

H2H(RY) — L3252 (RY) (3.24)
and
H2HE(RY) < L=t (RY), (3.25)
where ¢ is limited by the condition
1
e (0.0°0) ~ 5] (3.26)
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Application of (3.20) and Holder’s inequality in (3.22))-(3.23]) requires that

1 1 Np
- > >~ — B*(p'), > > 1,
5 2(e) =5 =) PN T a1y
N -2 N+ (2-4
P g NFC=0Ep
4p N —2p — 4pe
for which it is sufficient to assume (3.21)) and
1 2p— Np+ N - N —2p
- > > — = >e > 0. 3.27
5 2 7() I o w0 (3.27)

Note that requirement that v(e) > % — B*(p') is not a real restriction here, since when
B*(p') > 1, we have v(¢) > 0, whereas when 3*(p') < i, from (3.27) we have 5 > 1 — 3*(p)).
Also note that, since r > %, the second condition in above implies and then
holds true as well.

On the other hand, for one needs and

. (p—1)(2+4¢ : ) +4(1+¢) S () > 4p(1 +5)4 N(p—-1) _ ., (3.28)
P
N+2p

' N—2p
2pp}

We remark that 7 > v and 7 > ep for every ,0 E (1

%— L >¢candy > 7 for € > max{0, &

(N—2p)(p—1) N( 2
—i;pp — >max{—p4];p P2 0}.

What was sald above ensures that, the inequalities (3.21]), (3.27]) and (3.28)) have nonempty
set of solutions, which consists of trlples (p,e,7v(€)), where
N N+2p N(p—p)—pr} (N-2p)(p—1) 1

N—2p"N—2p 4pp ’ 4pp 5]

], € > 0. Furthermore, 1 > 7 if

whereas via (3.17)) we have that

4pp

p e ( |, €€ (max{0,

and
v(e) € [pe, A N [, 7] N (7,7] =: Z(e).
Observe that for any admissible (p,e,7(¢)) the left hand side inequality in (3.28]) leads to
the condition

b < N +2p — 4py(e)
N —2p — 4pe
and (3.21)) also to
N +2p — 4ppe
p< -
N —2p —4pe
The latter inequality holds if and only i

N4_p2p = p? and the value p = p? cannot be
attained for y(g) > p?e but only for v(g) = p?e; that is, if p = p?, Z(e) = {ep?}.

Observe finally that holds whenever p < p? as in this case y(g) > p?e (see [3], also
[6, Corollary 1.1]).

Hence is satisfied and local well posedness of follows from [3, Corollary 1]. In
addition, we have from the results in [3, Corollary 1] that

we C([0,7), E2) N C((0,70), E2 ) n (0, 70), 1O 72). (3.29)
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Since the above analysis shows that «v(¢) can be chosen equal % then from ((3.29)) we obtain

1.16) as £} — H” P (RN, O

1
Remark 3.3. Due to the above consideration it suﬂices to assume that g belongs to E;(S) 2

for arbitrarily fived v(e) € I(e), € € (max{0, Np 420 2’)”} (V= 24;;)[5,;—1) - 2ip] and the problem

1.1) remains well posed in Hg(RN) although the solution is less regqular than it is stated in
B Zé)

Now we prove the following result, mentioned above.

Proposition 3.4. Assume —(11.4) and (-) Suppose also that g € L”(RN) with a
certain p € [2,00) and 2 < % and (1.5) holds with some 1 < p <1+

N 21, = pc
1
Then the map F defined in (3.1) is Lipschitz continuous on bounded sets from Ej =
_1
H2(RN) into Ep * with

N+2p—p(N—2p) 1 1
AN ey

7 := min{

Actually, whenever N > 2p, 1 < p < and p € (1,00), F is Lipschitz continuous on

2p

bounded sets from Ej = H2(RN) into ES = LP(RY).

N+2p
N—2p’ N—

Proof: Note that v < 1 if and only if p € (2

last part of the proposmon
If pe(l, 57 2 ] then for fyo defined in Lemma E we have that

55)- In what follows we first prove the

| for(v) = foo (w) || Loy < lllv — w|(Jv]~" + |w|’™)|| o)
<cllv— H|U\p Y JwlP” 1” R

M)

<cllv— w||

)

p— p—
LN b P (RN) (” H N(P 1) )+ HwH N(p 1) &)

<cllv— wHHg(RN)(HU“Hg(RN + ||w||H2 @)

Using Lemma|3.1| we obtain that in the above situation F is Lipschitz continuous on bounded
1
sets from EZ = H2(RY) into E) = LP(RY).

Assume now that p € (NiVQp,%fgg). Then, by assumption, N > 2p > 4 and p >
N _ N N(p-1) _ N :
N+(2p47) = o p2p) > 1. Also note that 4(1p 5 = N3 = P- Using (3.19)-(3.20) and
Holder’s inequality with 6 = N+N2—247)p and ' = ;& = W we get
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1 fo2(v) = foa(w)ll .-y < N foa(v) = foalw)]l e

E, LN+(@=47)p (RN)
<deflv—wl(l + ) x
LN+@2=47)p (RNV)
<delv—wl w7+ w7
LLN=2p (RN) L4A0-) (RN)
-1 -1
<o = wllmgen (101 Sy + 0l Wy )
L 401-7) (RN) [ 4(1—7) (]RN)
" o p—1 p—1
<o = wl g (Nl + el ).
and using Lemma |3.1| we complete the proof. O
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